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A note on the l-fold Bailey Lemma and Mixed Mock
Modular forms
Alexander E Patkowski
Abstract
In this paper we present a method for constructing multiple-sum q-series for what is known
as Mixed Mock Modular forms.
1 Introduction
A pair of sequences (αn1,n2,···nl , βn1,n2,···nl) is said to be a l-fold Bailey pair [4] with respect to
aj, j = 1, 2, · · · , l if
βn1,n2,···nl =
n1∑
r1≥0
n2∑
r2≥0
· · ·
nl∑
rl≥0
αr1,r2,···rl∏l
i=1(aiq; q)ni+ri(q; q)ni−ri
. (1.1)
The case l = 1, is the standard well-known Bailey pair first introduced in [6], and (U ; q)n =
(1− U)(1− Uq) · · · (1− Uqn−1) [9].
Several authors [8, 12] have discussed a modular form referred to as a Mixed Mock Modular
form, which is of the form
∑
i≤nMimi, whereMi is a mock modular form, and mi is a modular
form. A mixed mock modular form may be viewed as a generalization of a mock modular form.
This paper is concerned with applying results for the pair of sequences that satisfy (1.1)
to obtain multi-sum q-series, which can be expressed as a product of a Mock modular form
and a modular form. See Zwegers [15] work for important material on mock theta functions
in relation to indefinite theta functions, and see Warnaar’s paper [13] for a nice account of the
Bailey lemma.
2 Observations on the l-fold Bailey Lemma
The purpose of this section is to outline some observations on the l-fold extension of Bailey’s
lemma which will prove fruitful in our applications to mixed mock modular forms. First, we
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recall the commonly stated relation between the two sequences in a Bailey pair (αn, βn),
∞∑
n≥0
(ρ1)n(ρ2)n(aq/ρ1ρ2)
nβn =
(aq/ρ1)∞(aq/ρ2)∞
(aq)∞(aq/ρ1ρ2)∞
∞∑
n≥0
(ρ1)n(ρ2)n(aq/ρ1ρ2)
nαn
(aq/ρ1)n(aq/ρ2)n
. (2.1)
Putting ρ1 = q
−N1 , and ρ2 = q
−N2 , gives
∑
j≥0
qj
2
ajαj
(aq)N1+j(aq)N2+j(q)N1−j(q)N2−j
=
1
(aq)N1+N2
∑
j≥0
qj
2
aj
(q)N1−j(q)N2−j
βj . (2.2)
Setting (2.2) equal to βN1,N2 gives us a new 2-fold Bailey pair. Iterating this idea along the
l-fold Bailey lemma gives us the following result.
Theorem 1. If (αn1,n2,···nl , βn1,n2,···nl) is a l-fold Bailey pair relative to aj = a, j = 1, 2, · · · , l,
then (αn1,n2,···n2l , βn1,n2,···n2l) is a 2l-fold Bailey pair where
αn1,n2,···n2l =


qr
2
1+r
2
2+···+r
2
l ar1+r2+···rlαr1,r2,···rl , if n1 = n2 = r1, n3 = n4 = r2, · · ·n2l−1 = n2l = rl,
0, otherwise,
(2.3)
and
βn1,n2,···n2l =
1∏l
i≥1(aq)n2i−1+n2i
∑
i1,i2,···il≥0
qi
2
1+i
2
2+···+i
2
l ai1+i2+···ilβi1,i2,···il
(q)n1−i1(q)n2−i1 · · · (q)n2l−1−il(q)n2l−il
. (2.4)
The type of Bailey pairs we have constructed in Theorem 1 allow us relate a 2l-fold q-series
with a l-fold q-series. The case l = 1 of Theorem 1 gives a 2-fold Bailey pair of the Joshi-Vyas
type [11].
3 Multi-sum q-series and mixed mock modular forms
Here we will consider applications of Theorem 1 to mixed mock modular forms. In particular,
we shall prove the following result for two third-order mock theta functions and one tenth
order mock theta function.
Theorem 2. We have,
∑
j,n1,n2≥0
qj
2+n2
1
+n2
2
+j+n1+n2(−1)j
(q)n1−j(q)n2−j(q)n1+n2+1(q
2; q2)j
=
(−q)∞
(q)∞
∑
n≥0
q2n
2+2n
(−q)2n+1
, (3.1)
2
∑
j,n1,n2≥0
(−q)n1(−q)n2q
j2+n1(n1+1)/2+n2(n2+1)/2+j(−1)j
(q)n1−j(q)n2−j(q)n1+n2+1(q
2; q2)j
=
(−q)∞(−q; q
2)∞
(q)∞(q; q2)∞
∑
n≥0
qn
2+n
(−q; q2)n+1
,
(3.2)
∑
j,n1,n2≥0
(q; q2)n1(q; q
2)n2q
2j2+n21+n
2
2(−1)n1+n2+j−1(q2; q4)j−1
(q2; q2)n1−j(q
2; q2)n2−j(q
2; q2)n1+n2(q
2; q2)2j−1
=
(q; q2)2∞(q
4; q4)∞
(q2; q2)2∞(−q
4; q4)∞
ψ(q4),
(3.3)
where ψ(q) =
∑
n≥1 q
n(n+1)/2/(q; q2)n.
Proof. First recall [4] that
∞∑
n1≥0
∞∑
n2≥0
(x)n1(y)n1(z)n2(w)n2(a1q/xy)
n1(a2q/zw)
n2βn1,n2
=
(a1q/x)∞(a1q/y)∞(a2q/z)∞(a2q/w)∞
(a1q)∞(a1q/xy)∞(a2q)∞(a2q/zw)∞
∞∑
n1≥0
∞∑
n2≥0
(x)n1(y)n1(z)n2(w)n2(a1q/xy)
n1(a2q/zw)
n2αn1,n2
(a1q/x)n1(a1q/y)n1(a2q/z)n2(a2q/w)n2
.
(3.4)
The case (3.1): Insert the Bailey pair (αn, βn) relative to a = q,
αn =
qn
2
(1− q2n+1)
(1− q)
∑
|j|≤n
(−1)jq−j
2
, (3.5)
βn =
(−1)n
(q2; q2)n
, (3.6)
into (2.2) and insert the resulting 2-fold pair
αN1,N2 =


q2n
2
+n(1−q2n+1)
(1−q)
∑
|j|≤n(−1)
jq−j
2
, if N1 = N2 = n
0, otherwise,
(3.7)
and
βN1,N2,···N2l =
1
(q)N1+N2+1
∑
j≥0
qj
2+j(−1)j
(q)N1−j(q)N2−j(q
2; q2)j
. (3.8)
into (3.4) with x, y, z, w →∞, a1 = a2 = q to get
∑
j,n1,n2≥0
qj
2+n2
1
+n2
2
+j+n1+n2(−1)j
(q)n1−j(q)n2−j(q)n1+n2+1(q
2; q2)j
=
1
(q)2∞
∑
n≥0
q4n
2+3n(1− q2n+1)
∑
|j|≤n
(−1)jq−j
2
.
(3.9)
Note that the indefinite quadratic series on the right side of (3.9) is found to be related to a
mock theta function noted by Andrews by [5, eq.(1.15)]. This completes the proof of (3.1).
The case (3.2): First we note a simple consequence of the second pair in table one in [2,
pg.75] inserted in a limiting case of Bailey’s lemma (ρ1 = −q, ρ2 →∞, in (2.1)),
∑
n≥0
qn(n+1)
(−q; q2)n+1
=
(−q2; q2)∞
(q2; q2)∞
∑
n≥0
q3n
2+2n(1− q2n+1)
∑
|j|≤n
(−1)jq−j
2
. (3.10)
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(The q-series on the left side is a third-order mock theta function [14].) Inserting (3.7)–(3.8)
into (3.4) with x = z = −q, y, w →∞, a1 = a2 = q, gives the result.
The case (3.3): Inserting the pair due to Bringmann and Kane [7, Theorem 2.3, (1)] into (2.2)
and then inserting the resulting pair into (3.4) with x = z = −q1/2, y, w → ∞, a1 = a2 = 1,
gives ∑
j,n1,n2≥0
(−q1/2)n1(−q
1/2)n2q
j2+n21/2+n
2
2/2(−1)j(q; q2)j−1
(q)n1−j(q)n2−j(q)n1+n2(q)2j−1
=
(−q1/2)2∞
(q)2∞

∑
n≥1
q10n
2−2n(1− q4n)
n−1∑
j=−n
q−2j
2−2j
−
∑
n≥0
q10n
2+8n+2(1− q4n+2)
∑
|j|≤n
q−2j
2

 .
(3.11)
On the other hand, the work of Choi [9] gives us
∑
n≥1
qn(n+1)/2
(q; q2)n
=
(−q)∞
(q)∞

∑
n≥0
q5n
2+4n+1(1− q2n+1)
∑
|j|≤n
q−j
2
−
∑
n≥1
q5n
2−n(1− q2n)
n−1∑
j=−n
q−j
2−j

 .
(3.12)
This follows from the pair [1, pg.131, eq.(7.18)–(7.19)] inserted into the ρ1 = −1, ρ2 → ∞
case of (2.1). Hence comparing the indefinite theta functions in (3.11) and (3.12) and a little
manipulation gives (3.3).
4 More Comments
We mention a few more notes on our work. First, it should be noted the observation made
in the second section may be applied in other directions. For example, the identity (2.2)
may be used to obtain many interesting q-polynomial identities. The choice α0 = 1, αn =
(−1)nqn(3n−1)/2(1 + qn), n > 0, and βn = 1/(q)n, gives us a key identity used in [3, eq.(5.33)],
which may in turn be used to obtain [3, eq.(5.30)] after appealing to the l = 2 case of Theorem
1. We leave the details to the reader. A direct corollary of this remark leads us to the
Rogers-Ramanujan type identity (by using [4, Corollary 1, s = 2])
∑
j,n1,n2≥0
qj
2+n2
1
+n2
2
(q)n1+n2(q)n1−j(q)n2−j(q)j
=
(q, q8, q9; q9)∞
(q)2∞
. (4.1)
Second, to see how one may apply Theorem 1 in its full generality, we may consider the pair
α0 = 1, 0 otherwise, and βn = 1/(q)
2
n. Using this pair with (2.2) gives us
1
(q)2n1(q)
2
n2
=
1
(q)n1+n2
∑
j≥0
qj
2
(q)n1−j(q)n2−j(q)
2
j
, (4.2)
4
which is equivalent to the 2-fold Bailey pair
αn1,n2 =


1, if n1 = n2 = 0,
0, otherwise,
(4.3)
and
βn1,n2 =
1
(q)n1+n2
∑
j≥0
qj
2
(q)n1−j(q)n2−j(q)
2
j
. (4.4)
Applying this pair to the l = 2 case of Theorem 1 gives us
αn1,n2,n3,n4 =


1, if n1 = n2 = n3 = n4 = 0,
0, otherwise,
(4.5)
and
βn1,n2,n3,n4 =
1
(q)n1+n2(q)n3+n4
∑
i1,i2,j≥0
qi
2
1
+i2
2
+j2
(q)n1−i1(q)n2−i1(q)n3−i2(q)n4−i2(q)i1+i2(q)i1−j(q)i2−j(q)
2
j
.
(4.6)
Therefore we may use the l-fold Bailey lemma to give us
∑
n1,n2,j≥0
qj
2+n2
1
+n2
2
(q)n1+n2(q)n1−j(q)n2−j(q)
2
j
=
1
(q)2∞
, (4.7)
and
∑
n1,n2,n3,n4,i1,i2,j≥0
qn
2
1+n
2
2+n
2
3+n
2
4+i
2
1+i
2
2+j
2
(q)n1+n2(q)n3+n4(q)n1−i1(q)n2−i1(q)n3−i2(q)n4−i2(q)i1+i2(q)i1−j(q)i2−j(q)
2
j
=
1
(q)4∞
.
(4.8)
Continuing this idea leads us to an expression for 1/(q)2M∞ , M ∈ N.
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